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ON THE LOWER BOUNDS FOR REAL DOUBLE HURWITZ NUMBERS
YANQIAO DING
Abstract. The real double Hurwitz number counts ramified covers of Riemann sphere
with compatible involutions satisfying certain ramification data. J. Rau established a
lower bound for these numbers in [19] using tropical covers with odd multiplicity. We
improve Rau’s lower bound by adding some tropical covers with even multiplicity. As an
application, we prove the logarithmic equivalence of real and classical Hurwitz numbers
without the existence assumption of Rau’s lower bound.
1. Introduction
Counting the ramified covers of CP 1 by a genus g surface with specified ramification pro-
files over a fixed set of points is a classical problem of enumerative geometry. The answer
to such enumerative problem is called Hurwitz number. Hurwitz number is equivalent to
enumerating the factorizations of the identity into a product of elements of the symmetric
group Sd with given cycle types. Hurwitz number provides an interesting invariant connect-
ing the geometry of algebraic curves, combinatorics, the representation of symmetric groups
and random matrix models. In the recent two decades, many deep relationships between
Hurwitz numbers and mathematical physics were also found [16, 18]. There is a particular
type of Hurwitz number which arouses many mathematicians’ interests. Double Hurwitz
number HCg (λ, µ) counts covers of CP
1 by genus g surface with ramification profiles λ, µ
over 0, ∞ and simple ramification over other branch points, where λ and µ are two parti-
tions of an integer d ≥ 1. There are many results about the structure of double Hurwitz
numbers such as the polynomiality of the generating function and the wall-crossing formulas
[9, 14, 20]. The tropical counterpart of double Hurwitz number was introduced and used
successfully to find the structure of double Hurwitz numbers [1, 3, 4].
In this paper, we consider the real version of double Hurwitz number. A real structure τ
for a cover pi : C → CP 1 is an anti-holomorphic involution such that pi ◦ τ = conj ◦pi, where
conj is the standard complex conjugation. Real double Hurwitz number HRg (λ, µ; s) counts
tuples (pi, τ) of ramified covers as above together with a real structure. Note that the simple
branch points of covers counted by HRg (λ, µ; s) are located in RP
1 \ {0,∞}, and s of them
are positive. It is a common feature of enumerative problem over R that the number of
real objects which we are counting always depends on some additional conditions. In this
case, HRg (λ, µ; s) depends on the positions of the real simple branch points. More exactly,
it depends on the number of positive real simple branch points. So in real enumerative
geometry, it is important to find the lower bounds for the real enumerative problems and
to analyse the properties of these lower bounds. In the study of real algebraic curves in real
surfaces passing through certain real points, signed count of real solutions is an effective way
to provide such lower bounds [8, 12, 15, 21, 22]. This method is also valid in the study of
counting covers. Itenberg and Zvonkine [13] found such a signed count of real polynomials
Date: October 5, 2020.
2010 Mathematics Subject Classification. Primary 14N10,14T05; Secondary 14P99.
1
2 YANQIAO DING
with given critical levels and proved that their lower bounds are logarithmically equivalent
to the count of complex polynomials. El Hilany and Rau [7] found that the construction of
Itenberg and Zvonkine also works for counting real simple rational functions with certain
critical levels. How to generalize Itenberg and Zvonkine’s signed count to a more general
situation is still unknown.
Based on the tropical interpretation of real double Hurwitz numbers in [17], Rau [19]
found a lower bound for real double Hurwitz numbers by considering the tropical covers
with odd multiplicity. Tropical covers with odd multiplicity are called zigzag covers (see
Definition 3.1). Zigzag covers contribute to the tropical count of HRg (λ, µ; s) for all s. The
number of zigzag covers is denoted by Zg(λ, µ). Rau proved that
Zg(λ, µ) ≤ H
R
g (λ, µ; s) ≤ H
C
g (λ, µ),
Zg(λ, µ) ≡ H
R
g (λ, µ; s) ≡ H
C
g (λ, µ) mod 2.
Moreover, when the degree is increased and only simple ramification points are added, the
asymptotic behavior of Zg(λ, µ) is also considered by Rau. We set
zg,λ,µ(2m) = Zg((λ, 1
2m), (µ, 12m)),
hCg,λ,µ(2m) = H
C
g ((λ, 1
2m), (µ, 12m)),
where (λ, (1)2m) stands for adding 2m ones to λ. Rau proved:
Theorem 1.1 ([19, Theorem 5.10]). Fix g ∈ N, partitions λ, µ with |λ| = |µ|. Assume that
the number of odd elements which appear an odd number of times in λ plus the number of
odd elements which appear an odd number of times in µ is 0 or 2. Then zg,λ,µ(2m) and
hCg,λ,µ(2m) are logarithmically equivalent,
log zg,λ,µ(2m) ∼ 4m logm ∼ log h
C
g,λ,µ(2m).
Remark 1.2. The assumption on odd elements in λ and µ in [19, Theorem 5.10] is a necessary
condition to guarantee the existence of zigzag covers. When zigzag covers exist, Rau’s result
is consistent with the best known results for Welschinger invariants and Hurwitz type counts
of polynomials and simple rational polynomials.
In this paper, we provide an improvement of Rau’s lower bounds Zg(λ, µ) for the real
double Hurwitz numbers and prove the logarithmic equivalence of real and classical Hurwitz
numbers without the existence assumption of zigzag covers. In fact, zigzag covers contribute
to the tropical count of HRg (λ, µ; s) for any distribution of real branch points. For a partition
λ, we denote by l(λ) the number of parts of λ and call it the length of λ. The sum of the parts
of λ is denoted by |λ|. We have a simple observation thatHRg (λ, µ; s) = H
R
g (λ, µ; r−s), where
r is the number of real simple branch points of the ramified covers counted by HRg (λ, µ; s).
Note that r = l(λ) + l(µ) + 2g − 2 is determined by Riemann-Hurwitz formula. In order
to find the lower bounds for HRg (λ, µ; s), 0 ≤ s ≤ r, we only need to find the lower bounds
for HRg (λ, µ; s),
⌈
r
2
⌉
≤ s ≤ r. So we can choose some tropical covers which contribute
to the tropical count of HRg (λ, µ; s) not for any distribution of real branch points, but for
“some particular” distributions of real branch points (see Definition 3.5). And we have a
“bigger” lower bounds by adding the contribution of these tropical covers to Zg(λ, µ). We
call this new lower bound the effective number, and denote it by Eg(λ, µ) (see Definition
3.9). Similarly, we have
Zg(λ, µ) ≤ Eg(λ, µ) ≤ H
R
g (λ, µ; s) ≤ H
C
g (λ, µ),
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Zg(λ, µ) ≡ Eg(λ, µ) ≡ H
R
g (λ, µ; s) ≡ H
C
g (λ, µ) mod 2.
Moreover, we prove that Eg(λ, µ) is logarithmically equivalent to H
C
g (λ, µ) without the
existence condition of zigzag covers. Let
eg,λ,µ(m) = Eg((λ, 1
m), (µ, 1m)),
hRg,λ,µ;s(m) = H
R
g ((λ, 1
m), (µ, 1m); s).
The following theorem is our main result.
Theorem 1.3. Fix g ∈ N, partitions λ, µ with |λ| = |µ|. Then eg,λ,µ(m) and hCg,λ,µ(m) are
logarithmically equivalent:
log eg,λ,µ(m) ∼ 2m logm ∼ log h
C
g,λ,µ(m).
A straightforward application of Theorem 1.3 is the following corollary.
Corollary 1.4. Fix g ∈ N, partitions λ, µ with |λ| = |µ|. Then hRg,λ,µ;s(m) and h
C
g,λ,µ(m)
are logarithmically equivalent:
log hRg,λ,µ;s(m) ∼ 2m logm ∼ log h
C
g,λ,µ(m).
Acknowledgments. The work on this text was done during the author’s visit at Institut
de Mathe´matiques de Jussieu-Paris Rive Gauche. The author would like to thank IMJ-
PRG for their hospitality and excellent working conditions. The author is deeply grateful to
Ilia Itenberg for valuable discussions and suggestions. This work was supported by China
Scholarship Council.
2. Double Hurwitz numbers
In this section, we recall some facts about double Hurwitz numbers. The readers may
refer to [3, 5, 17] for more details.
2.1. Complex double Hurwitz numbers. We fix two integers d ≥ 1, g ≥ 0, and let
λ and µ be two partitions of d. Fix a collection of r = l(λ) + l(µ) + 2g − 2 points x =
{x1, . . . , xr} ⊂ CP 1 \ {0,∞}.
Definition 2.1. A complex Hurwitz cover of type (g, λ, µ, x) is a degree d holomorphic map
pi : C → CP 1 such that:
• C is a connected Riemann surface of genus g;
• pi ramifies with profiles λ and µ over 0 and ∞ respectively;
• all the points in x are simple branch points of pi;
• pi is unramified everywhere else.
An isomorphism of two complex Hurwitz covers pi1 : C1 → CP 1 and pi2 : C2 → CP 1 is an
isomorphism of Riemann surfaces ϕ : C1 → C2 such that pi1 = pi2 ◦ ϕ. The complex double
Hurwitz number is
HCg (λ, µ) =
∑
[pi]
1
|AutC(pi)|
,
where we sum over all isomorphism classes of complex Hurwitz covers of type (g, λ, µ, x). It
is a classical result that this number does not depend on the positions of x.
There is also an equivalent way to define complex double Hurwitz number via symmetric
groups. Let Sd denote the symmetric group of order d. We denote by C(σ) ⊢ Sd the cycle
type of σ ∈ Sd. Let d, g, λ and µ be as above.
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Definition 2.2. A factorization of type (g, λ, µ) is a tuple (σ1, τ1, . . . , τr, σ2) of elements of
Sd such that:
• σ2 · τr · · · · · τ1 · σ1 = id;
• r = l(λ) + l(µ) + 2g − 2;
• C(σ1) = λ, C(σ2) = µ, C(τi) = (2, 1, . . . , 1), i = 1, . . . , r;
• the subgroup generated by σ1, σ2, τ1, . . . , τr acts transitively on the set {1, . . . , d}.
We denote by F(g, λ, µ) the set of all factorizations of type (g, λ, µ).
Theorem 2.3 (Hurwitz). Let d ≥ 1, g ≥ 0 be two integers, λ and µ be two partitions of d.
Then
HCg (λ, µ) =
1
d!
|F(g, λ, µ)|.
2.2. Tropical double Hurwitz numbers. Let us recall some definitions first. The readers
may refer to [3, 10, 17, 19] for more details. Let Γ be a connected graph without 2-valent
vertices. We call the 1-valent vertices of Γ the leaves, and the higher-valent vertices are
called the inner vertices. The edges adjacent to a 1-valent vertex are called ends. Edges
which are not ends are called inner edges. By Γ◦ we denote the subgraph obtained by
removing the 1-valent vertices of Γ. The number g = b1(Γ), the first Betti number, is called
the genus of Γ. A tropical curve C is a connected metric graph without 2-valent vertices
such that the length of an end is ∞, and the length l(e) ∈ R of an inner edge e is finite.
Note that the tropical projective line TP1 is considered as R ∪ {±∞}. Throughout this
paper, except TP1, we only consider graph without two-valent vertices. An isomorphism
ϕ : C1 → C2 of two tropical curves is an isometric homeomorphism ϕ : C◦1 → C
◦
2 .
Definition 2.4. A tropical cover pi : C → TP1 is a continuous map satisfying:
• the image of any inner vertex of C under pi is contained in R. Let x denote the set
of images of inner vertices of C, and we call x the inner vertices of TP1.
• pi−1(+∞) 6= ∅, pi−1(−∞) 6= ∅, and pi−1(+∞) ∪ pi−1(−∞) is the set of leaves of C.
• pi is a piecewise linear map: for any edge e of C, we interpret e as an interval [0, l(e)],
then there is a positive integer ω(e) such that pi(t) = ±ω(e)t + pi(0), ∀t ∈ [0, l(e)].
The integer ω(e) is called the weight of e.
• For any vertex v ∈ C, we choose an edge e′ ⊂ TP1 adjacent to pi(v). Then the
integer
deg(pi, v) :=
∑
e edge of C
v∈e,pi(e)=e′
ω(e)
does not depend on the choice of e′. This is called the balancing or harmonicity
condition.
Let pi : C → TP1 be a tropical cover. The sum
deg(pi) :=
∑
e edge of C
pi(e)=e′
ω(e)
is independent on e′. The integer deg(pi) is called the degree of pi. Let d, g, λ and µ be as
above. Suppose r = l(λ) + l(µ) + 2g − 2 > 0. Fix r points x = {x1 < . . . < xr} ⊂ R.
Definition 2.5. A tropical cover pi : C → TP1 of type (g, λ, µ, x) is a tropical cover of
degree d such that
• C is a tropical curve of genus g;
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• the tuple of weights of ends adjacent to leaves mapping to −∞ is λ, the tuple of
weights of ends adjacent to leaves mapping to +∞ is µ;
• each xi ∈ x is the image of an inner vertex of C.
An isomorphism of two tropical covers pi1 : C1 → TP1 and pi2 : C2 → TP1 is an isomor-
phism φ : C1 → C2 of tropical curves such that pi1 = pi2 ◦ φ. The multiplicity of a tropical
cover pi is defined to be
multC(pi) :=
1
|Aut(pi)|
∏
e inner
edge of C
ω(e).
A symmetric cycle is a pair of inner edges of the same weight and adjacent to the same two
vertices. A symmetric fork is a pair of ends of the same weight adjacent to a same vertex.
Note that the automorphism of a tropical cover pi : C → TP1 is induced by the appearance
of symmetric cycles and symmetric forks.
Theorem 2.6 ([3, Theorem 5.28]). The complex Hurwitz number HCg (λ, µ) is equal to
HCg (λ, µ) =
∑
[pi]
multC(pi),
where we sum over all isomorphism classes [pi] of tropical covers of type (g, λ, µ, x).
2.3. Real double Hurwitz numbers. Let g, d, λ and µ be as above. In the following
of this paper, we assume that the simple branch points x = {x1 < x2 < . . . < xr} ⊂
RP 1 \ {0,∞}.
Definition 2.7. A real Hurwitz cover of type (g, λ, µ, x) is a tuple (pi, τ) such that
• pi : C → CP 1 is a complex Hurwitz cover of type (g, λ, µ, x);
• τ : C → C is an anti-holomorphic involution such that pi ◦ τ = conj ◦pi.
An isomorphism of two real Hurwitz covers (pi1 : C1 → CP 1, τ1) and (pi2 : C2 → CP 1, τ2)
is an isomorphism of complex Hurwitz covers ϕ : C1 → C2 such that ϕ ◦ τ1 = τ2 ◦ ϕ. Let
s = |x ∩R+|. The real double Hurwitz number is
HRg (λ, µ; s) =
∑
[pi,τ ]
1
|AutR(pi, τ)|
,
where we sum over all isomorphism classes of real Hurwitz covers of type (g, λ, µ, x). Note
that the integer HRg (λ, µ; s) depends on the positions of points in x.
The symmetric group can also be used to study real double Hurwitz number [2, 10].
In the following, we give an equivalent description of real double Hurwitz number using
symmetric group.
Definition 2.8. A real factorization of type (g, λ, µ; s) is a tuple (γ, σ1, τ1, . . . , τr, σ2) of
elements of the symmetric group Sd satisfying:
• σ2 · τr · · · · · τ1 · σ1 = id;
• r = l(λ) + l(µ) + 2g − 2;
• C(σ1) = λ, C(σ2) = µ, C(τi) = (2, 1, . . . , 1), i = 1, . . . , r;
• the subgroup generated by σ1, σ2, τ1, . . . , τr acts transitively on the set {1, . . . , d}.
• γ is an involution (i.e. γ2 = id) satisfying: γ ◦ σ1 ◦ γ = σ
−1
1 and
γ ◦ (τi ◦ · · · ◦ τ1 ◦ σ1) ◦ γ = (τi ◦ · · · ◦ τ1 ◦ σ1)
−1, for i = 1, . . . , s, and
γ ◦ (τj ◦ · · · ◦ τs+1) ◦ γ = (τj ◦ · · · ◦ τs+1)
−1, for j = s+ 1, . . . , r, and
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x1 xr−s
x0
0 xr−s+1 xr
. . . . . . R
l0
l1
ls
ls+1lr
Figure 1. Generators of pi1(CP
1 \ {0,∞, x1, . . . , xr}, x0).
γ ◦ (τj ◦ · · · ◦ τs+1 ◦ τi ◦ · · · ◦ τ1 ◦ σ1) ◦ γ = (τj ◦ · · · ◦ τs+1)
−1 ◦ (τi ◦ · · · ◦ τ1 ◦ σ1)
−1,
for i = 1, . . . , s, j = s+ 1, . . . , r.
We denote by FR(g, λ, µ; s) the set of all real factorizations of type (g, λ, µ; s).
Lemma 2.9. Let g, d, λ and µ be as above, then
HRg (λ, µ; s) =
1
d!
|FR(g, λ, µ; s)|.
Proof. The proof of this Lemma is essentially the same as the proof of [10, Lemma 2.3 and
Construction 2.4]. So we only give a sketch here.
We fix r real points x1 < . . . < xr−s < 0 < xr−s+1 < . . . < xr on RP
1 \ {∞}. Let x0 be
a real point such that xr−s < x0 < 0. We choose x0 as the base point. Let l0, l1, . . . , lr be
r+1 loops depicted in Figure 1. It is easy to see that l0, l1, . . . , lr generate the fundamental
group pi1(CP
1 \ {0,∞, x1, . . . , xr}, x0). The action of complex conjugation on pi1(CP 1 \
{0,∞, x1, . . . , xr}, x0) is determined by:
(1)
conj(li · · · l0) = (li · · · l0)
−1, 0 ≤ i ≤ s;
conj(lj · · · ls+1) = (lj · · · ls+1)
−1, s+ 1 ≤ j ≤ r;
conj(lj · · · ls+1 · li · · · l0) = (lj · · · ls+1)
−1 · (li · · · l0)
−1, 0 ≤ i ≤ s, s+ 1 ≤ j ≤ r.
A real factorization (γ, σ1, τ1, . . . , τr, σ2) of type (g, λ, µ; s) induces a real cover as follows:
From the classical Hurwitz construction (see [11] or [5, Chapter 7]), we know that a tuple
(σ1, τ1, . . . , τr, σ2) satisfying the first four conditions in Definition 2.8 induces a cover pi : C →
CP 1 with ramification profiles λ and µ over 0 and ∞, respectively, and simple ramification
over x. Moreover, pi−1(x0) are labeled, i.e. pi
−1(x0) = {p1, . . . , pd}, and the monodromy
actions of the loops l0, . . . , lr are represented by σ1, τ1, . . . , τr respectively. Suppose that
p ∈ C is an unramified point. Choose a path α in CP 1 \ {0,∞, x1, . . . , xr} from x0 to pi(p).
Lift α to a path α˜ in C with endpoint p. Let pk be the starting point of α˜. Let β = conj(α)
be the conjugated path of α. Then lift β to a path β˜ with starting point qγ(k). Let p¯ be the
endpoint of β˜. We define τ(p) = p¯. The fifth condition in Definition 2.8 implies that τ(p) is
well-defined. Then one can extend τ to C by standard arguments. From the construction,
we know pi ◦ τ = conj ◦pi. Actually, this construction gives a map ψ : FR(g, λ, µ; s) → R,
where R is the set of isomorphism classes of real Hurwitz covers of type (g, λ, µ, x). By a
similar arguments to the proof of [10, Lemma 2.3], we have ψ : FR(g, λ, µ; s)/Sd → R is
bijective, and StabSd(T ) = Aut(T ), where T ∈ F
R(g, λ, µ; s) is a factorization. Then we get
Lemma 2.9. 
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y1 ys 0
y0 ys+1 yr
. . . . . . R
l0
l1
ls
ls+1 lr
Figure 2. Generators of pi1(CP
1 \ {0,∞, y1, . . . , yr}, y0).
Proposition 2.10. Let d ≥ 1 and g ≥ 0 be two integers, λ, µ be two partitions of d.
Suppose that 0 ≤ s ≤ r, where r = l(λ) + l(µ) + 2g − 2. Then
HRg (λ, µ; s) = H
R
g (λ, µ; r − s).
Proof. By Lemma 2.9, it is sufficient to prove
HRg (λ, µ; r − s) =
1
d!
|FR(g, λ, µ; s)|.
Let y1 < . . . < ys < 0 < ys+1 < . . . < yr be r real points on RP
1 \ {∞}. We choose a
real point y0 such that 0 < y0 < ys+1. Let l0, l1, . . . , lr be r + 1 loops depicted in Figure 2.
The loops l0, . . . , lr generate pi1(CP
1 \ {0,∞, y1, . . . , yr}, y0). By the same argument as the
proof of Lemma 2.9, we get that FR(g, λ, µ; s) represents the monodromy representations
induced by real Hurwitz covers of type (g, λ, µ, y), where y = {y1, . . . , yr}. So we get
HRg (λ, µ; r − s) =
1
d! |F
R(g, λ, µ; s)|. 
2.4. Real tropical double Hurwitz numbers. Let pi : C → TP1 be a tropical cover.
Edge of even or odd weight is called even or odd edge, respectively. A symmetric cycle
(resp.fork) consisting of a pair of even or odd inner edges (resp. ends) is called an even or
odd symmetric cycle (resp.fork). Let S(pi) denote the set of symmetric cycles and symmetric
odd forks. By SC(pi) ⊂ S(pi) we denote the set of symmetric cycles. Suppose T ⊂ S(pi),
C \ T ◦ is the subgraph of C obtained by removing the interior of the edges contained in T .
We denote by E(T ) the set of even inner edges in C \ T ◦.
Definition 2.11. A colouring I of a tropical cover pi : C → TP1 consists of a choice of
subset TI ⊂ S(pi) and a choice of a colour red or blue for every component of the subgraph
of even edges of C \ T ◦I .
A real tropical cover is a tuple (pi : C → TP1, I) of a tropical cover pi and a colouring I(pi)
of pi. An isomorphism of two real tropical covers is an isomorphism of these two tropical
covers that respects the colouring. The real multiplicity of a real tropical cover is
multR(pi, I) := 2|E(TI)|−|S(pi)|
∏
c∈TI∩SC(pi)
ω(c),
where ω(c) is the weight of one edge of the symmetric cycle c.
Let pi : C → TP1 be a real tropical cover. A branch point xi ∈ x is called a positive or
negative point if it is the image of a 3-valent vertex of C which is depicted in Figure 3 or
Figure 4, respectively, up to reflection along a vertical line. We denote by x+ or x− the
collection of positive or negative points in x respectively.
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Figure 3. The four types of positive vertices: even edges are drawn in
colours, odd edges in black. Dotted edges are the symmetric cycles or forks
contained in TI .
Figure 4. The four types of negative vertices.
S12o
o
o
S1
2e S1
Figure 5. Tails for zigzag covers. It does not matter whether S turns or
not here. The number of cycles in the first two types can be arbitrary.
Theorem 2.12 ([17, Corollary 5.9]). Let d, g, λ, µ and x ⊂ R be as above. Suppose x =
x+ ⊔ x− is a splitting such that |x+| = s. Then
HRg (λ, µ; s) =
∑
[pi,I]
multR(pi, I),
where we sum over all isomorphism classes [(pi, I)] of real tropical covers of type (g, λ, µ, x).
Remark 2.13. We use the real multiplicity introduced in [19] which differs from the one in
[17]. The real multiplicity of a tropical cover in [17] allows T to contain symmmetric even
forks. The readers may refer to [19, Remark 3.5] for more detail analysis on the difference
between these two definitions.
3. Zigzag covers and effective non-zigzag covers
The lower bound for HRg (λ, µ; s), 0 ≤ s ≤ r, established in [19] is the number of real
tropical covers with odd multiplicity. These covers contribute to the tropical count of
HRg (λ, µ; s), 0 ≤ s ≤ r, for any splitting of branch points x = x
+ ⊔ x−. From Proposition
2.10, we know that if H is a lower bound for HRg (λ, µ; s),
⌈
r
2
⌉
≤ s ≤ r, H is also a lower
bound for HRg (λ, µ; s), 0 ≤ s ≤ r. In the following of this paper, we hope to find some
tropical covers with even weight which contribute to HRg (λ, µ; s) for
⌈
r
2
⌉
≤ s ≤ r.
Let us recall the lower bound established in [19] and the properties of it. A string S in a
tropical curve C is a connected subgraph such that S ∩ C◦ is a closed submanifold of C◦.
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Si+1Si
Ei
Si+1Si
Ei
Figure 6. Components of effective non-zigzag covers. The number of cy-
cles in the second type can be arbitrary.
Definition 3.1 ([19, Definition 4.4]). A zigzag cover is a tropical cover pi : C → TP1 if
there is a subset S1 ⊂ C \ S(pi) satisfying
• S1 is either a string of odd edges or consists of a single inner vertex;
• the connected components of C \ S1 are of the type depicted in Figure 5. In Figure
5, all the cycles and forks are symmetric and of odd weight.
Remark 3.2. For the convenience, in Figure 5 and in the following of this paper, we use
the following notations: the variables o, o1, o2, . . . are used to denote odd integers, and
e, e1, e2, . . . are used to denote even integers.
Lemma 3.3 ([19, Lemma 4.3]). For any real tropical cover (pi, I) the multiplicity multR(pi, I)
is an integer whose parity is independent of the colouring I.
Proposition 3.4 ([19, Proposition 4.7]). The real tropical cover (pi, I) is of odd multiplicity
if and only if pi is a zigzag cover.
The tropical covers with even weight which we are looking for are characterized by the
following definition.
Definition 3.5. An effective non-zigzag cover of type (g, λ, µ, x) is a tropical cover pi : C →
TP1 of type (g, λ, µ, x) satisfying the following conditions:
• there are n strings S1, . . . , Sn ⊂ C \ S(pi) of odd edges, n > 1.
• the connected components of C \ (∪ni=1Si) are of the type depicted in Figure 5 and
Figure 6. In Figure 5, all the cycles and forks are symmetric of odd weight. In
Figure 6, all the cycles are of even weight. Every inner vertex of the connected
components depicted in Figure 6 is mapped to some xi by pi with i ≤
⌈
r
2
⌉
.
Remark 3.6. From Lemma 3.3 and Proposition 3.4, we know that the multiplicity of an
effective non-zigzag cover is a positive even integer.
Proposition 3.7. Let pi be an effective non-zigzag cover simply branched at x. If x =
x+ ⊔ x− is a splitting such that {x1, ..., x⌈ r2⌉
} ⊂ x+. Then there is a unique colouring I
of pi such that the real tropical cover (pi, I) has positive and negative branch points as the
splitting x = x+ ⊔ x−.
Proof. Suppose that v is an inner vertex of Si, i = 2, . . . , n. If the even edge Ei adjacent to
v is the first type depicted in Figure 6, the colouring of Ei is red. Otherwise, the colouring
of Ei is blue.
Assume that v1 ∈ S1 is a vertex from which a given tail C1 depicted in Figure 5 emanates.
The colour rules from Figure 3 and Figure 4 induces a unique colouring of even edges of
this tail. The method to impose colouring is described in the proof of [19, Proposition 4.8].
We sketch it in the following for the completeness of this paper. If the string S1 bends at
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v1 and pi(v1) ∈ x+, or the string S1 does not bend at v1 and pi(v1) ∈ x−, the even edge l1
in C1 adjacent to v1 is coloured in red. Otherwise, the even edge l1 in C1 adjacent to v1 is
coloured in blue. Let v2 be the next vertex on C1 which splits the tail into an odd symmetric
cycle or fork s1. We set s1 /∈ TI , if pi(v2) ∈ x+ and l1 is coloured in red or pi(v2) ∈ x− and
l1 is coloured in blue. We set s1 ∈ TI , if pi(v2) ∈ x
+ and l1 is coloured in blue or pi(v2) ∈ x
−
and l1 is coloured in red. Suppose that v3 is the next vertex on C1 which closes up the cycle
s1. If s1 ∈ TI and pi(v3) ∈ x− or s1 /∈ TI and pi(v3) ∈ x+, we colour the outgoing even
edge in C1 adjacent to v3 in red. Otherwise, the outgoing even edge is coloured in blue. By
repeating this procedure, we impose a colouring of C1 and hence all of C. The uniqueness
follows from the construction. 
Definition 3.8 ([19, Definition 4.9]). The zigzag number Zg(λ, µ) is the number of zigzag
covers of type (g, λ, µ, x).
Definition 3.9. The effective non-zigzag number Z ′g(λ, µ) is twice the number of effective
non-zigzag covers of type (g, λ, µ, x). The number Eg(λ, µ) = Zg(λ, µ) + Z
′
g(λ, µ) is called
the effective number.
Remark 3.10. It is easy to see that the effective number Eg(λ, µ) does not depend on the
choice of x ⊂ R (See [19, Remark 5.3]).
Theorem 3.11. Fix an integer g ≥ 0, and two partitions λ, µ such that |λ| = |µ|, {λ, µ} 6⊂
{(2k), (k, k)} and r = l(λ) + l(µ) + 2g − 2 > 0. Then the number of real ramified covers is
bounded from below by the effective number and they have the same parity:
Zg(λ, µ) ≤ Eg(λ, µ) ≤ H
R
g (λ, µ; s) ≤ H
C
g (λ, µ),
Zg(λ, µ) ≡ Eg(λ, µ) ≡ H
R
g (λ, µ; s) ≡ H
C
g (λ, µ) mod 2.
Proof. It is straightforward from [19, Theorem 4.10] and Definition 3.9. 
Remark 3.12. Note that {λ, µ} 6⊂ {(2k), (k, k)} and l(λ) + l(µ) + 2g − 2 > 0 is a sufficient
condition to guarantee that real and complex double Hurwitz numbers are actual counts of
covers (See [19, Remark 2.5, Remark 2.6] for more details).
4. Asymptotic behaviour of effective non-zigzag covers
In this section we give a sufficient condition to guarantee the existence of effective non-
zigzag covers. The asymptotic behaviour of effective numbers is also considered.
We first recall the definition of tail decomposition of a partition λ introduced in [19]. Let
λ = (λ1, . . . , λn) and µ = (µ1, . . . , µm) be two partitions of d. We denote
2λ := (2λ1, 2λ2, . . . , 2λn),
λ2 := (λ1, λ1, . . . , λn, λn),
(λ, µ) := (λ1, . . . , λn, µ1, . . . , µm).
For any partition λ, there is a unique decomposition λ = (2λ2e, 2λ2o, λ
2
o,o, λ0) such that
• every part λi2e in λ2e is an even number;
• every part λi2o or λ
i
o,o in λ2o or λo,o respectively is an odd number;
• every part λi0 in λ0 is an odd number and the odd number λ
i
0 does not appear more
than once.
Such decomposition is called the tail decomposition of λ. Let l(λ1,1) denote the number of
ones which appear in λo,o.
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Proposition 4.1. Fix g ∈ N, partitions λ, µ with |λ| = |µ|.
(1). l(λ0) = l(µ0) ≥ 1, l(µo,o) ≥ 1, and
l(µ) + 2g − 3l(λ0) >


0, if there exist i, j such that
∑
n6=i
λn0 −
∑
n6=j
µn0 > 0,
|max
i,j
{ti,j |ti,j =
∑
n6=i
λn0 −
∑
n6=j
µn0 < 0}|, otherwise ;
(2). l(λ0) > l(µ0), 2l(µ1,1) > l(λ0)− l(µ0) and
l(µ)+2g−3l(λ0) >


0, if there exist i, j such that
∑
n6=i,j
λn0 −
∑
µn0 − l(λ0) + l(µ0) + 2 > 0,
|max
i,j
{ti,j |ti,j =
∑
n6=i,j
λn0 −
∑
µn0 − l(λ0) + l(µ0) + 2 < 0}|, otherwise ;
(3). l(µ0) > l(λ0), l(µo,o) ≥ 1, 2l(λ1,1) > l(µ0)− l(λ0) and
l(µ)+2g−3l(µ0) >


0, if there exists j such that
∑
λn0 −
∑
n6=j
µn0 − l(λ0) + l(µ0)− 1 > 0,
|max
j
{tj|tj =
∑
λn0 −
∑
n6=j
µn0 − l(λ0) + l(µ0)− 1 < 0}|, otherwise .
If λ and µ satisfy one of the above three conditions, then there exist effective non-zigzag
covers of that type.
Proof. Since l(λ0, µ0) ≡ |λ| + |µ| = 2d mod 2, the number l(λ0, µ0) is even. Suppose that
l(λ0)− l(µ0) = 2k. The three conditions in Proposition 4.1 correspond to the three cases of
k: k = 0, k > 0 and k < 0.
Case k = 0: We choose l(λ0) strings S1, . . . , Sl(λ0), then connect Si and Si+1 through an
edge Ei, i ∈ {1, . . . , l(λ0)− 1}. Suppose that Ei intersects with Si at vi and intersects with
Si+1 at v
′
i+1. In the following, we will show how to label the ends of Si with parts of λ and
µ. If there exist λi10 and µ
j1
0 such that
∑
n6=i1
λn0 −
∑
n6=j1
µn0 > 0, we label the ends of S1
with (λi10 , µ
j1
0 ). If maxi,j(
∑
n6=i λ
n
0 −
∑
n6=j µ
n
0 ) ≤ 0, we choose i1 and j1 such that∑
n6=i1
λn0 −
∑
n6=j1
µn0 = max
i,j
{ti,j |ti,j =
∑
n6=i
λn0 −
∑
n6=j
µn0 < 0}.
Then we label the ends of S1 with (λ
i1
0 , µ
j1
0 ). The edge E1 is always labeled by |
∑
i6=i1
λi0−∑
j 6=j1
µj0|. Once the ends of C are labeled by parts of λ and µ, we equip an orientation on
these ends such that the ends associated to λ are oriented towards the inner vertex, while
the ends associated to µ are oriented towards the leaves. We use the parts labeled to the
ends as the weights of these ends. If
∑
n6=i1
λn0 −
∑
n6=j1
µn0 > 0, the edge E1 is an incoming
edge of v1. Otherwise, E1 is an outgoing edge of v1. Suppose that i2 ∈ {1, . . . , l(λ0)} \ {i1}
and j2 ∈ {1, . . . , l(µ0)} \ {j1} are two integers such that
∑
n6=i1,i2
λn0 6=
∑
n6=j1,j2
µn0 . Then
the ends of S2 are labeled by (λ
i2
0 , µ
j2
0 ). If
∑
n6=i1,i2
λn0 −
∑
n6=j1,j2
µn0 > 0, the edge E2 is
an incoming edge of v2. Otherwise, E2 is an outgoing edge of v2. The edge E2 is always
labeled by |
∑
i6=i1,i2
λi0−
∑
j 6=j1,j2
µj0|. The order of inner vertices v2 and v
′
2 is determined by
the weights and orientations of E1, E2, the ends of S2. By repeating the above procedure,
the ends of Si, i ∈ {3, . . . , l(λ0)}, and the edges Ej , j ∈ {3, . . . , l(λ0) − 1}, are labeled
and oriented. The order of inner vertices vi and v
′
i, i ∈ {3, . . . , l(λ0) − 1}, is determined
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S1
S2
S3
E1
E2
Figure 7. An example of the effective non-zigzag cover constructed in case
k = 0.
by the weights and orientations of Ei, Ei+1, the ends of Si. At last, we attach tails of
the first, second or third type depicted in Figure 5 to S1 corresponding to each part of
(λo,o, µo,o), (λ2o, µ2o) or (λ2e, µ2e) respectively. Since l(µo,o) ≥ 1, there is at least one tail
of the first type depicted in Figure 5, on which we place g balanced cycles. Note that the
order of appearance of these tails on S1 is not arbitrary. If E1 is an outgoing edge of v1
and λi10 < |
∑
i6=i1
λi0 −
∑
j 6=j1
µj0|, we require that some tails corresponding to parts of λ
appear before v1 in S1, and the sum of the parts labeled to these tails is strictly bigger than
|
∑
i6=i1
λi0 −
∑
j 6=j1
µj0|. Otherwise, we require that all the tails appear after v1 in S1. In
the first case, there are at most |
∑
i6=i1
λi0 −
∑
j 6=j1
µj0| inner vertices appear before v1. By
using the balancing condition, we extend the orientation and the weight function to all of
C. Since
l(µ) + 2g − 3l(λ0) >


0, if there exist i, j such that
∑
n6=i
λn0 −
∑
n6=j
µn0 > 0
|max
i,j
{ti,j |ti,j =
∑
n6=i
λn0 −
∑
n6=j
µn0 < 0}|, otherwise ,
there is at least one choice of total order on the inner vertices extending the orientation
order such that the order of every vertex of Ei, i ∈ {1, ..., l(λ0)− 1}, is not bigger than
⌈
r
2
⌉
(See Figure 7 for example). Then we have an effective non-zigzag cover ϕ : C → TP1.
Case k > 0: We choose l(λ0) − 1 strings S1, . . . , Sl(λ0)−1. Let Ei, vi, v
′
i+1 be as above.
If there exist λi10 and λ
i2
0 such that
∑
n6=i1,i2
λn0 −
∑
µn0 − 2k + 2 > 0, we label the ends of
S1 with (λ
i1
0 , λ
i2
0 ). If maxi,j(
∑
n6=i,j λ
n
0 −
∑
µn0 − 2k+2) ≤ 0, then we choose i1 and i2 such
that ∑
n6=i1,i2
λn0 −
∑
µn0 = max
i,j
{ti,j|ti,j =
∑
n6=i,j
λn0 −
∑
µn0 < 2k − 2}.
Then the ends of S1 are labeled by (λ
i1
0 , λ
i2
0 ). The edge E1 is labeled by |
∑
n6=i1,i2
λn0 −∑
µn0 − 2k + 2|. If
∑
n6=i1,i2
λn0 −
∑
µn0 − 2k + 2 > 0, the edge E1 is an incoming edge
of v1. Otherwise, E1 is an outgoing edge of v1. Next, we choose i3 and j1 such that∑
n6=i1,i2,i3
λn0 −
∑
n6=j1
µn0 6= 2k − 2. Then we label the ends of S2 with (λ
i3
0 , µ
j1
0 ). If
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S1
S2
S3
E1
E2
S4
E3
Figure 8. An example of the effective non-zigzag cover constructed in case
k > 0.
∑
n6=i1,i2,i3
λn0 −
∑
n6=j1
µn0 > 2k − 2, the edge E2 is an incoming edge of v2. Otherwise, E2
is an outgoing edge of v2. The edge E2 is labeled by |
∑
n6=i1,i2,i3
λn0 −
∑
n6=j1
µn0 − 2k + 2|.
The order of inner vertices v2 and v
′
2 is determined as the first case. By repeating the above
procedure, the ends of Si, i ∈ {3, . . . , l(µ0) + 1}, and the edges Ej , i ∈ {3, . . . , l(µ0)}, are
labeled and oriented. The two ends of Sl(µ0)+2i are labeled by 1, i ∈ {1, . . . , k−1}, and they
are oriented towards the leaves. The two ends of Sl(µ0)+2i+1 are labeled by the rest parts of
λ0, i ∈ {1, . . . , k − 1}. The edge Ei, i ∈ {l(µ0) + 1, . . . , l(λ0)− 2}, is oriented such that Ei
is an incoming edge of vi. The weights of Ei and the order of vi+1 and v
′
i+1 are determined
as above. Then we proceed as the first case and get a non-zigzag cover (See Figure 8 for an
example).
Case k < 0: We choose l(µ0) strings S1, . . . , Sl(µ0), and let Ei, vi, v
′
i+1 be as above. If
there exists µj10 such that
∑
λn0 −
∑
n6=j1
µn0 −2k−1 > 0, we label the ends of S1 with 1, µ
j1
0 .
If maxj(
∑
λn0 −
∑
n6=j µ
n
0 − 2k − 1) ≤ 0, we choose j1 such that∑
λn0 −
∑
n6=j1
µn0 = max
j
{tj|tj =
∑
λn0 −
∑
n6=j
µn0 < 2k + 1}.
The ends of S1 are labeled by 1, µ
j1
0 . The end labeled by 1 is oriented towards the inner
vertex. The edge E1 is labeled by |
∑
λn0−
∑
n6=j1
µn0−2k−1|. If
∑
λn0−
∑
n6=j1
µn0−2k−1 >
0, the edge E1 is an incoming edge of v1. Otherwise, E1 is an outgoing edge of v1. We
choose an integer j2 such that
∑
λn0 −
∑
n6=j1,j2
µn0 6= 2k + 2, and label the ends of S2
with (1, µj10 ). Note that the ends of S2 labeled by 1 is oriented towards the inner vertex.
If
∑
λn0 −
∑
n6=j1,j2
µn0 > 2k + 2, the edge E2 is an incoming edge of v2. Otherwise, the
edge E2 is an outgoing edge of v2. The weight of E2 is |
∑
λn0 −
∑
n6=j1,j2
µn0 − 2k − 2|.
The order of the two inner vertices v2 and v
′
2 are determined as the first case. Then we
choose two integers i1, j3 such that
∑
n6=i1
λn0 −
∑
n6=j1,j2,j3
µn0 6= 2k + 2, and label the
ends of S3 with (λ
i1
0 , µ
j3
0 ). If
∑
n6=i1
λn0 −
∑
n6=j1,j2,j3
µn0 > 2k + 2, the edge E3 is an
incoming edge of v3. Otherwise, the edge E3 is an outgoing edge of v3. The weight of
E3 is |
∑
n6=i1
λn0 −
∑
n6=j1,j2,j3
µn0 − 2k − 2|. The order of the two inner vertices v3 and
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E1
E2
S4E3
Figure 9. An example of the effective non-zigzag cover constructed in case
k < 0.
v′3 are determined as the first case. By repeating the above procedure, the ends of Si,
i ∈ {4, . . . , l(λ0)+2}, and the edges Ej , j ∈ {4, . . . , l(λ0)+1} are labeled and oriented. The
two ends of Sl(λ0)+2j+1 are labeled by 1, and they are oriented towards the inner vertices,
j = {1, . . . ,−k − 1}. The two ends of Sl(λ0)+2j+2 are labeled by the rest parts of µ0. The
edge Ei, i ∈ {l(λ0)+2, . . . , l(µ0)−1}, is oriented such that Ei is an outgoing edge of vi. The
weights of Ei and the order of vi+1 and v
′
i+1 are determined as before. Then we proceed as
before (See Figure 9 for an example). . 
We denote by fl or fr the number of tails of the first type depicted in Figure 5 labeled by
λo,o or µo,o, respectively. By hl or hr we denote the number of bends of S1 with the peaks
pointing to the left or right, respectively. Let u denote the number of unbent vertices of S1.
Definition 4.2. An effective non-zigzag cover ϕ : C → TP1 of type (g, λ, µ, x) is properly
mixed if there are three integers n1 ≤ n2 ≤ n3 ≤
⌈
r
2
⌉
such that the r − n3 simple branch
points xn3+1 < . . . < xr of x1 < . . . < xn3 < . . . < xr grouped in segments of length fl − n1,
hl, c− n2, hr, 2g, fr, occur as images of
• part (if n1 = 0, it is all) of the symmetric fork vertices of tails of type o, o labeled
by λ;
• bends of S1 with peaks pointing to the left;
• part of unbent vertices of S1;
• bends of S1 with peaks pointing to the right;
• the vertices of symmetric cycles located on tails labeled by µ;
• the symmetric fork vertices of tails of type o, o labeled by µ.
Let pi : C → TP1 be an effective non-zigzag cover constructed in Proposition 4.1. In
the following of this section, we will use the notations Ei, ω(Ei), vi, v
′
i+1 and i1 defined
in the proof of Proposition 4.1 without clarification. Note that whether E1 is an incoming
or outgoing edge of v1 is determined by the two partitions λ and µ. According to the
constructions in Proposition 4.1, we can choose three integers n1, n2 and n3 satisfying the
requirement of properly mixed. More exactly, when E1 is an incoming edge of v1, n1 = 0,
n2 = 1, n3 = 1+ k, where k is the number of inner vertices of the strings Si, i > 1. Let Pn
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be the set of all permutations of {1, . . . , n}. If E1 is an outgoing edge of v1, we set
n1 = min{s3|l +
s1∑
k=1
2λak2o +
s2∑
k=1
2λbk2e +
s3∑
k=1
2λcko,o > w(E1), (ak) ∈ Pl(λ2o),
(bk) ∈ Pl(λ2e), (ck) ∈ Pl(λo,o)},
where l = λi10 if l(λ0) ≥ l(µ0), l = 1 if l(λ0) < l(µ0). Let n2 = n1 + m1 + m2 + 1,
n3 = n1 + n2 + k, where k is the number of inner vertices of the strings Si, i > 1,
m1 = min{s1|l +
s1∑
k=1
2λak2o +
s2∑
k=1
2λbk2e +
n1∑
k=1
2λcko,o > w(E1), (ak) ∈ Pl(λ2o),
(bk) ∈ Pl(λ2e), (ck) ∈ Pl(λo,o)},
m2 = min{s2|l +
m1∑
k=1
2λak2o +
s2∑
k=1
2λbk2e +
n1∑
k=1
2λcko,o > w(E1), (ak) ∈ Pl(λ2o),
(bk) ∈ Pl(λ2e), (ck) ∈ Pl(λo,o)}.
Let (ak)
l(λ2o)
1 , (bk)
l(λ2e)
1 , (ck)
l(λo,o)
1 be the permutations in Pl(λ2o), Pl(λ2e) and Pl(λo,o)
respectively such that
l +
m1∑
k=1
2λak2o +
m2∑
k=1
2λbk2e +
n1∑
k=1
2λcko,o > w(E1).
Let λ∗2o = (λ
a1
2o , . . . , λ
m1
2o ), λ
∗
2e = (λ
1
2e, . . . , λ
m2
2e ), λ
∗
o,o = (λ
1
o,o . . . , λ
n1
o,o). Given a partition
λ = (λ1, . . . , λs, λs+1, . . . , λn), we use λ\(λs+1, . . . , λn) to denote (λ1, . . . , λs) and use λi ∈ λ
to mean that λi is a part of λ. Suppose that k ∈ N is a positive integer and λ = (λ1, . . . , λn),
µ = (µ1, . . . , µm) are two partitions. We consider all sequences (k0, k1, k2, . . . , km+n), where
k0 is an integer, ki+1 = ki + λs or ki+1 = ki − µt (each part of (λ, µ) is used exactly
once here). Let B(k, λ, µ) denote the maximal number of sign changes that occur in such
sequences.
Lemma 4.3. Fix g ∈ N, partitions λ, µ such that one of the three conditions in Proposition
4.1 holds. We set λtail = (λ2e, λ2o, λo,o), µtail = (µ2e, µ2o, µo,o) and λ
∗ = (λ∗2o, λ
∗
2e, λ
∗
o,o).
• If l(λ0) = l(µ0) and there exist λ
i1
0 and µ
j1
0 such that
∑
n6=i1
λn0 −
∑
n6=j1
µn0 > 0,
then
Z ′g(λ, µ) ≥ l(λo,o)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
where B = B(k, 2λtail, 2µtail), k =
∑
λn0 −
∑
n6=j1
µn0 .
• If l(λ0) = l(µ0) and maxi,j(
∑
n6=i λ
n
0 −
∑
n6=j µ
n
0 ) ≤ 0, then
Z ′g(λ, µ) ≥ n1! · (l(λo,o)− n1)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
where B = B(k, 2(λtail\λ∗), 2µtail), k =
∑
λn0+
∑m1
k=1 2λ
ak
2o+
∑m2
k=1 2λ
bk
2e+
∑n1
k=1 2λ
ck
o,o−∑
n6=j1
µn0 , j1 is the integer chosen in the first case of the proof of Proposition 4.1.
• If l(λ0) > l(µ0) and there exist λ
i1
0 and λ
i2
0 such that
∑
n6=i1,i2
λn0 −
∑
µn0 − l(λ0) +
l(µ0) + 2 > 0, then
Z ′g(λ, µ) ≥ l(λo,o)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
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where B = B(k, 2λtail, 2(µtail \ (1)l(λ0)−l(µ0)−2)), k =
∑
n6=i2
λn0 −
∑
µn0 − l(λ0) +
l(µ0) + 2.
• If l(λ0) > l(µ0) and maxi,j(
∑
n6=i,j λ
n
0 −
∑
µn0 − l(λ0) + l(µ0) + 2) ≤ 0, then
Z ′g(λ, µ) ≥ n1! · (l(λo,o)− n1)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
where B = B(k, 2(λtail\λ∗), 2(µtail\(1)l(λ0)−l(µ0)−2)), k =
∑
n6=i2
λn0+
∑m1
k=1 2λ
ak
2o+∑m2
k=1 2λ
bk
2e +
∑n1
k=1 2λ
ck
o,o −
∑
µn0 − l(λ0) + l(µ0) + 2, i2 is the integer chosen in the
second case of the proof of Proposition 4.1.
• If l(λ0) < l(µ0) and there exists µ
j1
0 such that
∑
λn0−
∑
n6=j1
µn0−l(λ0)+l(µ0)−1 > 0,
then
Z ′g(λ, µ) ≥ l(λo,o)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
where B = B(k, 2(λtail \(1)l(µ0)−l(λ0)), 2µtail), k =
∑
λn0 −
∑
n6=j1
µn0 − l(λ0)+ l(µ0).
• If l(λ0) < l(µ0) and maxj(
∑
λn0 −
∑
n6=j µ
n
0 − l(λ0) + l(µ0)− 1) ≤ 0, then
Z ′g(λ, µ) ≥ n1! · (l(λo,o)− n1)! · l(µo,o)! ·
⌊
B
2
⌋
! ·
⌈
B
2
⌉
!,
where B = B(k, 2(λtail \ (λ
∗, (1)l(µ0)−l(λ0))), 2µtail), k =
∑
λn0 +
∑m1
k=1 2λ
ak
2o +∑m2
k=1 2λ
bk
2e +
∑n1
k=1 2λ
ck
o,o −
∑
n6=j1
µn0 − l(λ0) + l(µ0), j1 is the integer chosen in
the third case of the proof of Proposition 4.1.
Proof. The six cases correspond to the six types of constructions of effective non-zigzag
covers in Proposition 4.1 (two types for each of the three conditions). We consider the
number of total orders on the vertices of effective non-zigzag cover C which extend the partial
order given by the orientation and satisfy the requirements of properly mixed. According
to the construction in Proposition 4.1 and the above construction of n1, n2, n3 and λ
∗,
we know that such total orders exist. Since any permutation on the subgroups of vertices
corresponding to n1, fl−n1, hl, hr, fr, respectively contributes to the number of such total
orders, we know
Z ′g(λ, µ) ≥ n1! · (fl − n1)! · fr! · hl! · hr!.
B is the maximal number of bends we can create in S1 in the corresponding construction.
We pick a graph C such that S1 reaches the maximal number of bends B. In the three
cases, fl = l(λo,o) and fr = l(µo,o), hl =
⌊
B
2
⌋
, hr =
⌈
B
2
⌉
. Therefore, we get the lower bound
for Z ′g(λ, µ). 
Definition 4.4. Given g ∈ N and partitions λ, µ with |λ| = |µ|, we set
z′g,λ,µ(m) = Z
′
g((λ, 1
m), (µ, 1m)),
eg,λ,µ(m) = Eg((λ, 1
m), (µ, 1m)),
hCg,λ,µ(m) = H
C
g ((λ, 1
m), (µ, 1m)).
Proposition 4.5. Fix g ∈ N, partitions λ, µ with |λ| = |µ|. Assume that l(λ0, µ0) ≥ 2 or
l(λ0, µ0) = 0 and m is odd. Then there exists m0 ∈ N such that
z′λ,µ,g(m) ≥ (
⌊m
2
⌋
−m0)!
4
for all m > 2m0.
Proof. It is a straightforward adaption of [19, Proposition 5.9]. So we omit it here. 
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Proof of Theorem 1.3. Let HCg (m) = H
C
g ((1)
m, (1)m). From [6, Equation 5] and the proof
of [19, Theorem 5.10], we know log hCg,λ,µ(m) ≤ logH
C
g (m) ∼ 2m logm. Since log(
⌊
m
2
⌋
−
m0)!
4 ∼ 2m logm, we know that if l(λ0, µ0) ≥ 2 or l(λ0, µ0) = 0 and m is odd, Theorem 1.3
follows from Proposition 4.5. If l(λ0, µ0) = 0 and m is even, Theorem 1.3 follows from [19,
Theorem 5.10]. 
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